ON THE MOTIVE OF AN ABELIAN SCHEME 



WITH NON-TRIVIAL ENDOMORPHISMS 

by Ben Moonen 

Abstract. Let X be an abelian scheme over a base variety S and let D = End(X/S') (g) Q be its 
^— «' ■ endomorphism algebra. We prove that the relative Chow motive of X has a natural decomposition 

(N ■ as a direct sum of motives R^"^ where a runs over an explicitly determined finite set. To each a 

corresponds an irreducible representation pa of the group _D°pP'* and the motivic decomposition is 
such that _R(™\ as a functor on the category of relative Chow motives, is a sum of copies of pa- In 



particular CH(i?(«)), as a representation of D°pP'*, is a sum of copies of pa- Our decomposition 
. refines the motivic decomposition of Deninger and Murre, as well as Beauville's decomposition of the 

Chow group. 
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Introduction 



< 

As an application of Fourier theory, Beauville proved in [2] that the Chow ring (with Q- 
coefficients) of a (^-dimensional abelian variety X has a bigrading CH(X) = ©j^^ CH-^^^ (X), 
where the upper grading is given by the codimension of cycles and [rriW acts on CH'^^^(X) as 
\ multiplication by m^-'~*. As shown by Deninger and Murre in [4], this decomposition in fact 

comes from a natural decomposition R{X) = @1^qR^{X) of the Chow motive of X; we have 
CN ; CH|^) {X) = CW . The results of Deninger and Murre are valid, more generally, for 

abelian schemes X ^ S over a smooth quasi-projective base variety over a field. 



One way to state Beauville's result is by saying that Q* acts on the Chow ring (letting 
m/n G Q* act as [m\*x ° that the only characters that occur in this representation 

are the characters q ^ for i € {0, 1, . . . , 2g}. The main purpose of this paper is to explain 
how this can be refined in the presence of non-trivial endomorphisms. 

To describe our main result, consider an abelian scheme X — )• 5 of relative dimension g 
that is isogenous to a power of a simple abelian scheme. (This is the essential case, to which 
the general case is reduced; see (5.5).) The endomorphism algebra D = End(Ar/S') (X) Q is then 
a simple algebra with center a number field K. Let T denote the Galois group of the normal 
closure of K over Q. The group L)°pP'* acts on CH(Ar) and on the motives R'^{X/S), which are 
objects of the category M*^(S') of relative Chow motives over S. This induces the structure of a 
D°PP'*-representation on Hom]y[0(5) (M, i2(X/S')) , for any relative Chow motive M. 

Let G be D°^^'*, viewed as a reductive group over Q. The irreducible representations 
of G over Q are indexed by the L-orbits in a space X+ of highest weight vectors. Write 
for the irreducible representation of D°pP'* = G{Q) corresponding to a € X"'"/r. There is a 
natural "weight function" |[ |[ : X^/F — )• Z that sends a class a to the degree of the restriction 
of Pa to the subgroup Gm C G of homotheties. Further, we consider an explicit finite subset 
^adm/P ^ Qf "admissible" elements; see (4.2) for the definition. 

Our main results are Theorems (4.3) and (5.1) in the text. The content of these results is 
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that there is a unique motivic decomposition 



R{X/S) = 

that is stable under the action of D°pP'* and has the property that for any motive M the Z)°pP'*- 
representation HomMOj-^) (M, i?(")(X/S')) is isomorphic to a sum of copies of the irreducible 
representation p^. In particular, the Chow group CH(i?(")(X/5)) is a sum of copies of pa as 
a representation of D°pP'*. For a G X^'^/V we have ^ ||a|| ^ 2g and R'{X/S) is the direct 
sum of the motives R^^^X/S) with ||q;|| = i. 

Further we describe an involution a i-)- a* on the set X'*'^™/r, with ||q;*|| = 2g — \\a\\, 
and we obtain a motivic Poincare duality isomorphism R^°'\X/SY -R^" \^/'S){g)- Fi- 
nally, if X^ /S is the dual abelian scheme, we have a motivic Fourier duality J^: R^{X/S) — > 
R^f~'^{X'^ / S)[g — i) and we prove that this ^ is a sum of isomorphisms R^"\X/S) 
R^"\xyS){g - i), for a € X^^^^/F with ||a|| = i. 

The proof of our results relies on the fact that the group Z)°pP'* acts on CH(i?*(X/S')) 
through a representation that is polynomial of degree i, by which wc mean that all matrix 
coefficients that occur in this representation are homogeneous polynomial functions of degree i 
on D. In Section 1 we discuss the classification of such representations. The proof that the 
representation on CH(i?*(X/S')) is indeed of this kind reduces, via Kiinnemann's isomorphism 
R'^{X/S) = A*-R^(X/S'), to the case i = 1, in which case it is the unsurprising assertion that the 
natural map D°pp — >• End(^R^{X/S)) given by / i-^ /* is a homomorphism of Q-algebras. In 
Section 4 we study the decomposition of CH(X) and by bootstrapping we obtain from this in 
Section 5 a motivic decomposition. 

Conventions. — Throughout, Chow groups are taken with Q-coefHcients. All group actions we 
consider are left actions. 



1. Some inputs from representation theory 

(1.1) In this section we consider a simple algebra B of finite dimension over a field k of char- 
acteristic 0. Let K be the center of B, let [K : k] = n and let d = dimxiB)^^^ . 

Let k be an algebraic closure of k and let S (K) denote the set of /c-algebra homomorphisms 
K ^k. Let K denote the normal closure of K inside fc, and write F = Gal(^/A;). The natural 
action of Gal(fc/A;) on factors through an action of F. 

(1.2) Let H be the reductive group over K with H{R) = (B 0k R)* for any commutative 
iC-algebra R. Let (X(iJ), X^(ii'), A) be the based root datum of H. We need to recall 
the definition of X(iJ); see for instance [10], Section 1.2, for further details. Consider pairs 
(T, Q) consisting of a maximal torus T C and a Borel subgroup Q C containing T. 
Given such a pair, let Xi^^^ q) denote the character group of T. If {T',Q') is another pair, there 
exists an element h € H{K) such that hTh~^ = T' and hQh~^ = Q' . The induced isomorphism 
^(T',Q') — ^ ^(T,Q) is independent of the choice of h and X(//) is defined as the projective limit 
of the groups X(^x,q)- For any pair (T, Q) the natural map X(if) ^(t,q) is an isomorphism. 
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There is a natural choice for an ordered Z-basis {ei, . . . ,ed} of obtained in the 

following way. Choose an isomorphism of X- algebras a: B <Sik K — )■ Md{K); this induces an 
isomorphism a: Hp^ GL^if. Let T d Q C Hj^ be the maximal torus and Borel subgroup 
such that a{T) is the diagonal torus and a{Q) is the upper triangular Borel. Let e'y a{T) — )■ 
be the character that sends a diagonal matrix with entries (ci , . . . , c^^) to Cj , and define €j G 
X(y Q) by ej = e'j oa. Then {ei, . . . , e^} is an ordered Z-basis of X(t g). Now define {ei, . . . , e^} 
to be the ordered Z-basis of X(i7) such that Cj i->- ej under the isomorphism 'K{H) X(t q). 
It follows from the Skolcm-Nocthcr theorem and the definition of X(ii") that the ordered basis 
thus obtained docs not depend on the choice of the isomorphism a. Further it is clear from the 
construction that the roots are the vectors — cj for i ^ j, and that the basis of positive roots 
is given by A = {ej - ej+i \ i = 1, . . . ,d - l}. 

(1.3) The group H is an inner form of GL^j; hence the Galois group Gal{K / K) acts trivially 
on the root datum of H. By [9], Thm. 7.2, we have a bijective correspondence between the set 
of irreducible finite-dimensional representations of H over K and the set X(if)"'" of dominant 
weights. 

With respect to the ordered basis {ei, . . . ,6^} as in (1.2), the dominant weights are the 
vectors AiCi -|- • • • -|- A^Cd for A = (Ai, . . . , A^) G Z*^ with Ai ^ A2 ^ • • • ^ A^. This gives an 
identification of X(iJ)+ with the set 

(1.3.1) A+ = (A = (Ai, . . . , Ad) G Z'* I Ai ^ A2 ^ • • • ^ Ad} . 

For A € = \{H)~^ , let ^px be the corresponding irreducible representation of H over K. 

If is the irreducible representation of GLd with highest weight given by A, the represen- 
tation tpx is a iC-form of the representation (f)®^^^'^ for some integer d{X) that divides d. For later 
use, let us also recall that if Ad ^ 0, the representation (px is the one obtained from the standard 
representation of GLd applying the Schur functor §a- In the general case, without the assump- 
tion that Ad ^ 0, we take an integer m with Ad + m ^ 0; then (px = 'P{\i+m,...,\d+m) ® det"™'. 
See for instance [5], Section 15.5. 

(1.4) Next we consider the reductive group G = Kesx/kH over k. If i? is a commuta- 
tive /c-algebra, G{R) = (B ®k R)* ■ The set X(G)^ of dominant weights of is given by 
X(G)"'" = ©aes(i^) X(if)"'". Via the identification X(if)"'" = A"*" of (1.3), we obtain an identifica- 
tion of X(G)+ with the set 

X+= A+. 

The Galois group Gal(^/A;) acts on X+ = X(G)"'" by its permutation of the summands; hence 
this action factors through an action of F. By [9], Thm. 7.2, the irreducible ^-representations 
of G are indexed by the elements of X"'"/r. If a is a F-orbit in X"*" we denote the corresponding 
irreducible representation of G hy pa- 

We have a natural isomorphism = rio-esCK) -^o-' ^^^^ ~ ^ ^K,a K. The repre- 
sentation ^ decomposes as a direct sum ®xea *A) where is the external tensor product 
l^o-eE(j<r) V'a(<t)- (Here A G X+ is viewed as a function S(i^) — >■ A+.) 

Note that, since G{k) = B* is Zariski dense in G, the representations p^, for a G X+/F, 
are still irreducible and mutually non-equivalent as representations of the abstract group B*. 
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(1.5) Choose a A;-basis . . . ,Pn} for B (with N = n(P). If is a commutative /c-algebra, 
we call a map r: B E a multiplicative homogeneous polynomial map over k of degree i if it 
has the following properties: 

(a) r is multiplicative, in the sense that r(l) = 1 and r[hih2) = r{bi)r{b2) for all 61, 62 € i?; 

(b) there exists a homogeneous polynomial P G . . . ,tjv] of degree i such that r(ci/3i + 
h cnPn) = P{ci, ■ ■ ■ ,cn) for all ci,. . . ,Cn & k. 

Note that the polynomial P in (b) is uniquely determined, because k is an infinite field. 

Let F be a finite dimensional /c-vector space. Consider a multiplicative homogeneous poly- 
nomial map r: B ^ Endfc(y) over k of degree i. If i? is a commutative A;-algebra, define 
vr: B 0k R ^ Endi?(y (g)k R) = Endk{V) 0k R by the relation rR{ci/3i + • • • + cn(3n) = 
P{ci, . . . ,cn), for ci, . . . , Cat € R. Using that r is multiplicative plus the fact that the field k 
is infinite, one easily shows that the map tr is again multiplicative. Hence this construction 
defines an algebraic representation (f)^: G ^ GLiV) over k. We refer to the representations of G, 
or of B* = G{k), that are obtained in this manner as the polynomial representations of degree i. 

(1.6) Define a subset Ap°' C A+ by the condition that ^ 0, i.e., 

(1.6.1) AP°' = (A = (Ai, . . . , Ad) G Z'^ I Ai ^ A2 ^ • • • ^ Ad ^ 0} . 

Define Xp°i = eaes(X) Ap°', which is a T-stable subset of X+. 

For A € XP°\ define ||A|| = J2ae^{K) As the map Xp°' Z^o given by A ||A|| is 

F-invariant, it descends to a map || || : XP°yF — > Z^o- 

(1.7) Proposition. — Let (f): B* — >■ GL(F) he a polynomial representation of degree i. Then 

(1.7.1) {VA)= (V^a,</'("^) 

||c.||=i 

such that {Vet , (j)^"^^ ) is isomorphic to a sum of copies of the irreducible representation ■ 

Proof. By construction, 0: B* — > GL(F) is obtained from an algebraic representation 0^.: G — )■ 
GL(F) by evaluation on A;-rational points. The irreducible representations that occur in are 
again polynomial of degree z, and this property is preserved if we extend scalars to K. Using the 
description of the representations p^.R given in (1.3) and (1.4) we see that the only irreducible 
representations p^ that are polynomial of degree i are those with a G Xp°'/F and ||a|| = i. □ 

(1.8) Example. — The reduced norm Nrd: B* — > /c* is a polynomial representation of degree nd. 

It corresponds to the F-orbit a G XP°YF that consists of the sing le element u: T,{K) A?"' 
with u{a) = (1, . . . , 1) for aU a G T.{K). If a G Xp°VF is the orbit of A: S(i^) -> Ap°', the 
representation Nrd (8> Pa is again polynomial; it corresponds to the F-orbit in Xp°' of the sum 
u + X. 

(1.9) Remark. — We shall have to deal with multiplicative homogeneous polynomial maps 
r: B ^ FiiidkiV) of degree i where V is no longer assumed to have finite fc-dimension, but is the 
union of its finite dimensional subspaces V' that are stable under all operators r(6) for b G B. 
In this case we still have a decomposition (1.7.1), of course with the understanding that the 
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(Fq;,0(")) will now in general be infinite sums of copies of pa- We refer to as the a-isotypic 
component of V. 

2. Some preliminaries on the action of endomorphisms on the Chow motive 

(2.1) Throughout this section, F is a field and S denotes a connected i^-scheme that is smooth 
and quasi-projective over F. Let M°(S') be the category of Chow motives over S with respect 
to graded correspondences, as defined as in [4], 1.6. 

Let Ys denote the category of smooth projective S-schemes. We have a contravariant 
functor R{-/S): ^ M°{S), sending a smooth projective X ^ S" to R{X/S) = {X, [*rid],0). 
For a morphism f: X Y between smooth projective S-schemes, R{f /S) = [^Lj]: R(Y/S) 
R{X/S). We write /* for R{f/S). 

Let X ^ She an abelian scheme of relative dimension g over S. For m (z 7^, let [m]^: X — > 
X denote the multiplication by m map. By [4], Cor. 3.2 the relative motive R{X/S) decomposes 
in M°{S) as 

(2.1.1) R{X/S) = Qr\X/S), 

in such a way that [m]x acts on R^^X/S) as multiplication by m*. Define R'^{X/S) = if 
i ^ {0, ...,2^}. If /: X — )■ y is a homomorphism of abelian schemes over S the induced 
morphism /* of motives is a sum of morphisms R^{f ): R^{Y/S) R^{X/S); we shall again call 
these morphisms /*. 

The goal of this paper is to explain how, in the presence of non-trivial endomorphisms, the 
decomposition (2.1.1) may be refined. As a first example we consider the case of a product of 
abelian schemes. Though it is not stated by Deninger and Murre in [4], the following result is 
an immediate consequence of their work. 

(2.2) Proposition. — Let Xi, . . . ,Xr be abelian schemes over S with X^, of relative dimen- 
sion g^,. Write X = Xi Xs ■ ■ ■ X^, let g = gt + ■ ■ ■ + g^ and 

Ix = {i = (ii, ...,ir)er \ 0^i,^ 2g,} . 

Form = {mt, . . . ,mr), let [m]x £ End{X/S) be given by {xi, . . . ,Xr) i->- (mixi, . . . , m^x^.), 
and let m* = ■ ■ ■ m\r ■ Then there is a unique decomposition 

(2.2.1) [Ax/s] = 1^71^ 

ieix 

in End]v[0(s) = CH^(X X) such that the elements vr^ are mutually orthogonal 

idempotents and such that [m]x°T^i = m^-i^i for allm € 1/ andi € Ix- Moreover, 7rio[m]3f = 
m* • TTi for all m and i. Corresponding to (2.2.1) we have a decomposition 

R{X/S) = R'{X/S) 
ieix 
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such that [m]* acts on R'^{X/S) as multiplication by m*. 

Proof. This follows from the main results of [4] by taking tensor products. We have R{X/S) = 
R{Xi/S) ® • • • ® R{Xr/S) in M0(5); if [Ax,/s] = Ei=o ^ is the decomposition of loc. cit., 
Thm. 3.1., we take tt^ = i^^^^ ® ■ ■ ■ ® 7r|^'' for i = (zi, . . . , v) G Ix- □ 

(2.3) Example. — (Cf. [7], (3.1.2)(ii).) Let X and Y be abelian schemes over S with X 
of relative dimension g. If ^ G CH(X Xs: y) we have a decomposition ^ = such that 
[m,n]*(^jj) = m^n^ -^i^j for all integers m and n. It follows from the relations in [4], Prop. 1.2.1, 
together with the motivic Poincarc duality *7ri = T^2g-i that = TijiY/ S) o ^ o TT2g-i{X/ S). 

We apply this with Y = X'' , the dual of X. Let i G CH^(X Xcj Xt) be the first Chern class 
of the Poincare bundle. Then i = iix, hence, i^il = iri{XyS) o [t/i\) o ^T2g-^{X/S). Now 
use the Mukai-Beauville relation o ^ = (-1)9 and view t/i\ G CU\X Xs X^) as a 
morphism from R{X/S) = ®R^{X/S) to i?(Xt/5) {g - i) = ®R^{XyS) {i-g). It follows that 
the only non-zero component of this morphism is an isomorphism 

(2.3.1) |: R'^-'iX/S) ^ R\xyS){i - g) , 

which we refer to as motivic Fourier duality. (The interpretation is that, up to a Tate twist, the 
dual abelian scheme is the Poincare dual of X, and that Fourier duality "is" Poincarc duality. 
Indeed, combining (2.3.1) with the motivic Poincare duality R\X/SY = R^3-\X/S){g) we 
find that R'iX^S) ^ R' {X / S)^ {-i) .) 

(2.4) With S as in (2.1), consider an abelian scheme X S oi relative dimension g > 0. 
We assume X is isogenous to a power of a simple abelian scheme over S, in which case the 
endomorphism algebra D = End(X/ 5) Q is a simple Q-algebra of finite dimension. (For the 
general case see (5.5).) Let Let K be the center of D. Let n = [K : Q] and d = dimx(-D)^^^. 
Let S(K) be the set of ring homomorphisms K Q,let K C Q denote the normal closure of K 
inside Q, and write F = Gal(i^/Q). 

Every element of D can be written in the form //m for some / G End(X/S') and some 
integer m ^ 0. For i ^ we have a well-defined map r'-*-': Z)°pp — > End-M." (s) {R^ / S)) given 
by (f/m) i-> /* o [m]*'~^. This map is multiplicative but is not, in general, additive. In 
particular, the group D°pP'* acts on R'^{X/S) by automorphisms. 

(2.5) Proposition. — The map r*-^-*: D°pp 'EndM.o(s){R^{^/S)) is a homomorphism of Q- 
algebras. 

Proof. It will be easier to prove the dual statement. Recall that R'^9-i(^x/S){g) = R'^{X/Sy; 
see [7], (3.1.2). If / is an endomorphism of X/S, we have an induced endomorphism = [Fj] of 
R{X/S). It follows from Prop. 3.3 of [4], taking transposes, that tTj o/^ = f^ om for all i. Hence 
/* is the sum of the endomorphisms /* otTj G EndMO(s') (-R*(^/-S')) ; we shall again denote these 
by /*. For m G Z the endomorphism [m]*: R^{X/S) — >■ R^{X/S) is the multiplication by m^-^"*; 
hence for m 7^ it is an isomorphism and we can define a map D — > End]vio(S) (-R^^~^(^/'S')) 
by (f/m) I— 7- o [m]"-*^. It suffices to prove that this map is additive. 

Let A ^ T be an abelian scheme of relative dimension g with T a connected, smooth and 
quasi-projective F-scheme. For a G A{T), define log([ra]) G CH^(yl) as in [7], Section (1.4). 
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As shown there, log ([F „+{,]) = log ([Fa]) + log([F{,]). Applying this to the abelian scheme 
pr^ : X Xs X ^ X we find that for endomorphisms / and /' of X/ S we have 

(2.5.1) log([F/+/.]) = log([r^]) + log([F;,]) 

in Xs X) = EndMO(s)(i?W^))- 

The projector vr2g_i that defines R'^^~^{X/S) is 7r2g-i = log([Fid]). Now we use [6], asser- 
tion (iii) of Lemma 2.2; this says that for an cndomorphism (f> we have c/)^ olog([Fid]) = log([r0]) . 
So (2.5.1) gives (/ + /')* ° 7r2g-i = f*o7r2g-i + fi°T^2g-i, which is what we wanted to prove. □ 

(2.6) Corollary. — The map r^^: D"pp EndMo (s) {R' {X / S)) defined in (2.4) is a multi- 
plicative homogeneous polynomial map over Q of degree i. 

Proof. We already know that r^*^ is multiplicative. Taking the isomorphism R^(^X/S) — > 
A^R^{X/S) of [7], Thm. (3.3.1), as an identification, the map r^*) is the composition of the 
homomorphism r^^'^ with the map Endj^o (^g^ (^R^ (X / S)^ — > End]v[0(s) (^*(-'^/5')) that sends an 
cndomorphism h of R^{X/S) to the induced cndomorphism A^h = h A ■ ■ ■ A h of R^{X/ S). It 
follows that r^*^ is a homogeneous polynomial map of degree i. □ 



3. Duality 

(3.1) We retain the notation and assumptions of (2.4). We apply the theory of Section 1 with 

k = Q_ and three different choices for to be discussed in more detail below. In each case B is 
central simple of dimension over the field K of (2.4). The meaning of S(i^) and F is the 
same in all cases and the notation wc use is consistent with the notation introduced in Section 1. 
In each case we index the irreducible algebraic representations of B* by X+/F, following the 
method discussed in (1.2)-(1.4). 

Let us now give some more details about the group actions we consider. 

(a) We shall mostly describe things from the cohomological perspective. In this case we take 
B = Z)°PP, which we let act on CH(X) through the operators /*. Let H denote the reductive 
group over K with H{R) = {D°pp R)* and let G = Rbsk/qH. For A G A+, let ipx be 
the corresponding irreducible representation of H over K. For a € X+/F, let pa be the 
corresponding irreducible representation of G(Q) = D°pP'* over Q. 

(b) In order to describe Poincare duality we need the homological perspective, letting B = D 
act on CH(X) through the operators /*. Let H' be the reductive group over K with 
H'{R) = {D (g)K R)* and let G' = Resx/qH' , which is the opposite of the group G. For 
A € A"*", let ip'^ be the corresponding irreducible representation of H' over K. For a G X+/F, 
the corresponding irreducible representation of G'{Q) = D* over Q is denoted by p'^. 

(c) Let X I ^ 5 be the dual abefian scheme and let = End{X^ /S) (g) Q. If / is an cndomor- 
phism of X/S, let X^ X'^ denote the dual endomorphism. The map f ^ f'^ gives 
an isomorphism of Q-algebras D £)t.opp ^^as to identify the center of Dt,opp 
with K. (This may lead to confusion; see (3.5).) For the rest the pattern is the same as 
in (a). We consider CH(A"'') as a representation of Dt-opp.*^ with g G Dt-opp acting as g* . 
For a G X^/F, let be the corresponding irreducible representation of Dt>opp,* ^^^^ q 
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(3.2) Lemma. — Let X = (Ai, A2, • • • , A^) be an element 0/ A+. Then the representation r 
of H' over K given by T{h) = i/jx{h~^) is isomorphic to i/j'^j^, where fi = (—Ad, . . . , — Ai). 

Proof. It is clear that r is an irreducible representation of H' . As the representations arc 
determined by their highest weights, we may work over K. Choose an isomorphism of K- 



other words, we consider '(px°a ^ and to (a') ^ . In both cases the highest weight is taken with 
regard to the diagonal torus T and the upper triangular Borel Q C GL^. We have 



Let /3 be the automorphism of GL^ given hy g ^g~^- Then I3{T) = T and ^(Q) = Q~ , 
the lower triangular Borel subgroup. If A G GLd{K) is the anti-diagonal matrix with all 
anti-diagonal coefficients equal to 1, the inner automorphism Inn(74) transforms (T,Q~) back 
to (T,Q), and the effect of Inn(A) o /5 on the character group of T is given by 1— t- —Cd-i. 
Hence if ipx o has highest weight AiCi + • • • + Xd^d, the highest weight of r o (a')~^ is 
-ArfCi AiCrf. □ 

(3.3) Notation. — For A = (Ai, . . . , A^) in A+ define 



Note that 2g/nd is an integer; see [8], Chap. 19, Corollary to Thm. 4. Hence A* is again an 
element of A+. For A G X+, define A* G X+ by the rule A* (a) = X{a)*. For a G X+/r, let a* 
denote the F-orbit consisting of the elements A*, for A G a. Note that ||a;*|| = 2g — \\a\\. 

(3.4) Proposition. — Let V C CH(X) be an irreducible subrepresentation of D°pP'* that is 
isomorphic to pa. 

(i) The subspace V C CH(X) is stable under the action of the operators /*, for f & D, and 
V is isomorphic to p'^* as a representation of D* . 

(ii) Let CH(X) ^ CH(Xt) be the Fourier transform. Then ^(V) C CH(Xt) is an 
irreducible subrepresentation o/Dt>opp>* ^^^^ isomorphic to p]^*. 

Proof, (i) Let / G £)°pP'*. Then / is a quasi-isogeny of X to itself. Its degree deg(/) equals 
Nrd(/)(29/"'^), where Nrd: D°pP'* Q* is the reduced norm character. (See (1.8).) For ^ G 
CH(X) wc have the relation /*(0 = dcg(/) • (l//)*(^). Now use (1.8) and Lemma (3.2). 

(ii) For / G L» and ^ G CH(X) we have the relation ^(/*(0) = /^'*(^(0)- So (ii) follows 
from (i). □ 

(3.5) Caution. — The field K is either totally real or a CM field. In (ii) of the Proposition, it is 
important that we identify K with the center of £)t.opp the isomorphism D — > £)t'°pp given 
by / If we choose a polarization 6: X ^ , the resulting isomorphism D gives the 
complex conjugate identification of K with the center of Z)t,opp Under that identification, the 
Fourier dual of a Z)°PP'*-subrepresentation V C CH(X) of type pa is a D''''°PP'*-subrepresentation 
^iy) C CH(X''') of type pt*, where a* G X^'^'°/r is the complex conjugate of a*. 




(ro(«')-^)(5) = (V'. 
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4. Decomposition of the Chow ring 



Notation and assumptions as in (2.4) and (3.1). 

(4.1) Lemma. — Let U C CH(X) he a Q-subspace of finite dimension. Then the Q-linear span 
of the classes f*{u), for f & D and u E U, again has finite Q- dimension. 

Proof. It suffices to prove this if U = Q - u for some element u € CH(X). Using the Deninger- 
Murre decomposition (2.1.1) we may, in addition, assume there is an integer i such that [m]*{u) = 
m* • u for all m G Z. 

Choose a Q-basis {Pi, . . . ,Pn} of D with Pi = idx- With /x: X the addition map, 

consider the Q-subspacc of CH(X^) spanned by the class (/3i x • • • x I3j^)* fi*{u). By Prop. (2.2), 
applied to X^ , there exists a finite dimensional Q-subspace W C CH(X^) that contains all 
classes (mi/3i x • • • x mp^ ji]^)* n* {u) for (mi, . . . ,mj^) S Z^. Our assumptions on u imply that 
W even contains ah (gi/3i x • • • x QmPnY IJi*{u) for [qi, ...^qn) G Q^. If A: X is the 

diagonal morphism, A*(M^) is then a finite dimensional subspace of CH(X) that contains all 
classes {qiPi + • • • + qNPN)*{u), and because Pi = idx we have U C A*(W^). □ 

(4.2) Define a subset A'*^™ C Ap°' of "admissible" elements by the condition that {2g/nd) ^ Ai; 
so, 

^adm = |a = (Ai, . . . , Ad) G Z'^ I ^ ^ Ai ^ A2 ^ • • • ^ Ad ^ o} . 

Define X'^^™ = e^eE(if) A'^^™, which is a T-stable subset of X+. Note that ^ ||q|| ^ 2g for all 
a € X^'^™/r. If A G X'^'^™ then A* is an element of X*^^™, too; hence a a* is an involutive 
automorphism of X'*'^™/r. 

(4.3) Theorem. — We have a decomposition 

(4.3.1) CH(X)= CH„(X) 

as a representation of D°^^'* , such that the CHo,(X) is isomorphic to a sum of copies of the 
irreducible representation p^. For i ^ Q the subspace CH(i?'(X/S')) C CH(X) is the direct 
sum of the CHo,(X) with \\a\\ = i. For a G X'^'^™/r, the Fourier transform ^ restricts to an 
isomorphism 

^: CH„(X) ^CHa.(Xt). 



Proof. By (2.6) and (4.1) we can apply Prop. (1.7). This gives a decomposition of CR{R'{X/S)) 

as a direct sum of subspaccs CH„(ff (X/S")) for a G XP°Vr with ||a|| = i. (Cf. (1.9).) But if 
CH„(i?*(X/S')) / then it follows from Prop. (3.4) that a* lies in the subset XP°Vr C X+/r. 
This implies that a G X^'^^/F. The last assertion is immediate from (3.4). □ 



9 



5. Motivic decomposition 

We retain the notation and assumptions of the previous sections; in particular, X/S is still 
assumed to be isogenous to a power of a simple abeUan scheme. 

(5.1) Theorem. — (i) There is a unique decomposition 

(5.1.1) R{X/S)= R^^\X/S), 

in M°(S') that is stable under the action of D"^^'* and has the property that for any M in M°(S') 
the D""^"^'* -representation Hom]vin(s') i^-, R^"'\X/ S)^ is a sum of copies of the irreducible repre- 
sentation Pa- The motive R^{X/S) is the direct sum of the R^°'\X/S) with \\a\\ = i. 

(ii) For a £ X'^'^^/F the subspace CH(i?(")(X/S')) C CR{X) is the a-isotypic component 
CRa{X) C CH(X) of (4.3.1). 

(iii) Let 6^ be the idempotent in CH^(X Xg X) = EndM.o(s){R{X/S)) that defines the 
submotive i?(")(X/S'), so that [Ax/s] = Eaex^d m/r ^ct is the decomposition of the diagonal that 
corresponds with (5.1.1). Then ^6^ = 6oc* ; hence 

jl{»)^X/Sy = R^"*\X/S){g) . 

(iv) The motivic Fourier duality R^3-'{X/S) ^ R'{XyS){i-g) of (2.3.1) is the direct 
sum of isomorphisms 

i?(°)(X/5) i?("*^(Xt/5)(i - g) 
for a e X^^"/r with \\a\\ = 2g-i. 

Proof, (i) We view X x sX as an abelian scheme over X via the first projection. Correspondingly, 
we let an element / G -D act on CH(X Xs X) as (1 x /)*. By Thm. (4.3), 

(5.1.2) Cll{XxsX)= CR^iXxsX) 

such that Cila{X XsX) is a-isotypic as a representation of L)°pP'*. For m an integer, (l x [m])* 
is multiplication by mll^H on CHaiX x s X); hence the idempotent tTj lies in the direct sum of the 
subspaces CHq,(X x^ X) with ||q;|| = i. Define 6^ to be the a-component of [Ax/s] in (5.1.2). 

For ^ G CH(X XsX) let W{^) C CR{X XsX) denote the smallest Q-subspace containing ^ 
that is stable under the action of D°^^'*, i.e., the hnear span of the elements (1 x /)*^, for 
/ G JJ°PP'* , If ^ and rj are correspondences from X to itself relative to S and / G -D, it follows 
from [4], Prop. 1.2.1, that (1 x /)*(t?o^) = (1 x f)*rj o ^. Hence VF(r/o^), as a representation 
of D°PP'*, is a quotient of W{r]). In particular, for a G X^^-^/F we have (5„ G CB.a(.X XgX). 
On the other hand, ^ = [Ax/s] ° C = Eaex^^dm/r o hence (Jq, o ^ is the a-component of ^ in 
the decomposition (5.1.2). It follows that 



6r o S, 



a 



5q. if (3 = a; 
otherwise. 



In particular, 6a is an idempotent. Define i?(")(X/5) = (X,(5„,0), the submotive of R(X/S) 
cut out by Sa- By construction we have a decomposition (5.1.1). Further, (1 x /)* preserves the 
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subspaces Cll^{X XgX) c CH(X x^X); so (1 x f)*{6^) = [^Tf] o5p lies in CH^(X x^X), and 
by the above it follows that ^^o [*r/-] o5p = if a 7^ /3. This means that the decomposition (5.1.1) 

is stable under the action of L)°pP'*. 

If M is a relative Chow motive over 5* the map h 1— > o h gives an isomorphism 

HomM0(5) (M, — > ©c^gx^idm/r Hom]v[n(s) (M, i?*^") (X/S*)) . By the same argument as 
above, the Z)°PP'*-subrepresentation of Hom]vio(s) (M, generated by o ^ is Q;- 

isotypic. 

Finally, the uniqueness of the decomposition (5.1.1) follows from the Yoncda Lemma, as 
the required property uniquely characterizes R^°'\X/S) as a subfunctor of R{X/S). 
Part (ii) follows from (i) by taking AI = 1(— j) for various j. 

Next we prove (iv). Given a motive M and a class a € X^'^™/r with ||q;|| = 2g — i, consider 
the map h: Hom(iVf,i?(")(X/S')) ^ Uom{M, R{Xy S){i - g)) induced by the composition 

R^"\X/S) ^ R^3-\X/S) R\xyS){i-g) ^ R{XyS){i-g) . 

By Yoneda, it suffices to prove that the image of h lies in the a*-isotypic component of 
Hom(M, i?(X"l"/5')(i — g))- It is enough to do this for motives M of the form M = R{Y / S){rn) 
with Y a connected smooth projective >S'-scheme. In this case, h is just the Fourier transform 
(^jjdim(y/s)-m(y xs X) ^ (.jj^im(y/s)-m-s+i(y Xg ^t), where we view F Xg X and y X5 Xt 

as abelian schemes over Y via the first projections. (We use that our motivic decomposition is 
compatible, in the obvious sense, with base-change.) We conclude by Thm. (4.3). 

For (iii) we first recall from (3.1)(c) that we have a natural isomorphism r: D* = Dt,opp,* 
On R^X/Sy we have an action of D* . On (X^ / S) (i) we have an action of Dt'°PP'*. Further, 
the isomorphism R^{X/SY R^{Xy S)[i) of (2.3)) is equivariant with respect to r. (Cf. the 
proof of (3.4)(ii).) With these remarks, (iii) follows from (iv). □ 

(5.2) Corollary. — Let VectQ he the category of Q-vector spaces. If ^: M.^{S) — >■ VectQ is a 
Q-linear functor, ^{R{X/S)) = ©„exadm/r ^(-R^^n^/'S')) and ^ {R'^"'\X / S)) is a-isotypic as 
a representation of D°^^'* . 

Proof. Write for R'-'^\X/S). Let E„ C EndMO(S)(i?^"^) be the image of the group algebra 

Q[Z?°PP'*], or, what is the same, the D°PP'*-subrepresentation of EndMO(s) (-R^"-*) generated by 
the identity. If u G <I>(i?(")), the L'°PP'*-subrepresentation of ^>(i2(")) generated by u is aquotient 
of Ec^. Now use that EndM0(5)(-R^"'') is a-isotypic as a representation of Z)°pP'*. □ 

(5.3) Example. — For the higher Chow groups (with Q-coefficients) we have 

CH(X;j)= CH(i?(°)(X/S);j) 

and CR{R^°'\X / S); j) is a-isotypic as a representation of D°pP'*. 

Depending on the context we can draw similar conclusions for cohomology. For instance, 
if the ground field i*" is C and if X — > S* is the structural morphism, the variation of Hodge 
structure V = i?"g*Qx decomposes as a direct sum ®a&x'^dm a where C V is cut out by 
the projector 5a. and is a-isotypic as a sheaf of Z)°PP'*-modules. 
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If we have a cohomology theory with coefficients in a field F of characteristic 0, we can in 
general only conclude that the cohomology of R^°^\X/S) is a quotient of a sum of copies of pa,¥- 
For instance, if £^ is a supersingular elliptic curve over Fp, in which case D is a quaternion 
algebra over Q, there is a unique class a G X^'^'^/F with ||a|| = 1 (see also below) and pa has 
dimension 4; so the ^-adic cohomology H^{E,Q£) is only "half" a copy of Pa,Qf 

(5.4) Example. — Suppose I? is a quaternion algebra with center Q. In this case \{G)'^'^"^ /T 
is the set of pairs A = (Ai, A2) with 5 ^ Ai ^ A2 ^ 0. Viewing D°^^'* as an inner form of GL2 
over Q, the irreducible representation px associated with A (which in this case is the same as the 
representation ipx of (1-3)) is a Q-form of d{\) copies of the representation Sym^^~^^ (F)(g)det®^^ , 
where V is the standard representation of GL2 and where 

_ J 1 if Ai - A2 is even; 
^ ^ ~ \ 2 if Ai - A2 is odd. 

For ^ i ^ g we obtain a decomposition 

R\x/s) = © © ■ ■ ■ © with u = [z/2J . 

For g ^ i ^ 2g the decomposition takes the form 

R\X/S) = R(9'i-9) e Rig-hi+i-g) ^ . . . ^ j^{g-u,i+u-g) ^ ^^^^^ ^^^^ ^ ^ ^•/2J . 

Fourier duality exchanges R^^^'^''\X/S) and i?(s"-*'2'9-^i)(xV<S'). By looking at cohomology 
we can see that in general all summands R(^^'^^) in the indicated range are non-zero. 

(5.5) Remark. — If we drop the assumption that X is isogenous to a power of a simple abclian 
scheme over S, we may proceed as in (2.2). Choose an isogeny h: X ^ Yi x ■ ■ ■ x Yr such that 
each Yi, is isogenous to a power of a simple abelian scheme. To each Y^, we may apply (5.1). 
As h induces an isomorphism R{X/S) = R{Yi/S) • • • (8) R{Yr/S), this gives us a refined 
decomposition of the Chow motive of X. We leave it to the reader to write out the details. 

It is instructive to consider the case where X is isogenous to Y'^ for some abelian scheme 
Y/S with End(y/5) = Z. In this case, taking Yi = ■ ■ ■ = Yj. = Y gives back the decomposition 
of (2.2), which, in general, is finer than the decomposition of R{X/S) we obtain by applying (5.1) 
to X itself. However, the finer decomposition in (2.2) does not give information on how GLr(Q) 
acts; it only takes into account the action of the diagonal subgroup Q* x • • • x Q* (r factors). 

(5.6) Remark. — There is another, perhaps more elementary, way to obtain a motivic decom- 
position of R{X/S), which coincides with the decomposition of (5.1) '\i D = K but which in 
general is coarser. For this we need to work in the category M'^(S'; K) of relative Chow motives 
with coefficients in K. Write R^{X/S;K) for the image of R^{X/S) under the natural functor 

Let Dj^ = D®q K. Then = Haescx) where 0^ = ^K,a K. Let 1 = X^e^ 
be the corresponding decomposition of 1 G Df^ as a sum of idempotcnts. By (2.5) we have 
an algebra homomorphism r^: D?'^ — > Endjyjojg.j^) (i?^(^/5'; -R')) . This gives a decomposi- 
tion R^{X/ S;K) = ®aeT,{K) Rai where R^ is the submotive of R^{X/S;K) cut out by the 
idempotent r^(e<T). 
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Let J = (Z^o)^^^\ and for z ^ define a subset J{i) C J by 

J{i) = {j:J:{K)^Z^o\\j\=i}, 

where \j\ = ^^rei^iK) Ji^)- Taking exterior powers and using Kiinnemann's isomorphism 
A'^R^{X/S) R^{X/S), we obtain decompositions 

R\X/S-K)= R^i\X/S-k) such that R^^\X/S;K)^ (g) (^A^^"^ R^y 

jeJii) aeT.{K) 

(The calculation of the exterior powers works as expected; cf. [3], Section 1.) Fixing i ^ 0, 
let 1 = f j be the corresponding decomposition of 1 € Endj^o^^.^^-, (^*(-'^/5'; i^)) as a 

sum of idempotcnts. The Galois group F acts on J{i) and on the cndomorphism algebra of the 
motive R^{X/ S; K). If 7 G F sends j G J{i) to j' then '^ej = ej'. Hence if /3 is a F-orbit in J{i), 
the sum X^^g^ ej is an idempotent in EndM0(5') {R^i^/S))- This gives us a decomposition 

R\X/S)= R^^\X/S) 
^eJ{i)/r 

in M°{S) such that R^^\X/S-k) = ®j^pR^3\X/S-k). 

To describe the relation with (5.1), consider the map v: 'K^'^™ /T J/F that sends the F- 
orbit of A G X'^'^™ to the F-orbit of the function a i~> |A(cr)|. By analyzing how the groups Z^°pP'* 
act, we find that R^^\X/S) = ®R^°'\X/S), where the sum runs over the classes a G X^^^^/F 
such that v{a) = (3. In particular, R^^") can only be non-zero if Ij^c)! ^ 2g/n for all j & P and 
a G ^{K); hence A^ R^ = for j > 2g/n. 
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